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In this paper L denotes a field and F its algebraic closure. All rings have 
unity and are commutative. By a regular ring we mean a ring R such that for 
each Y E R there exists Y’ E R such that YY‘Y = Y. For a topological space X, 
%7(X, F) denotes the ring of all continuous functions from X to F, where F 
has the discrete topology. For an index set 1 and families {X,: 01 E I} of 
subsets of X and {F,: LY E I} of subfields of F, U(X, F, (X,, F,): 01 E I) denotes 
{f E %7(X, F): for each 01 E 1, f(X,) C F,}. This is a subring of %7(X, F). 
In 8.1 of [l] Arens and Kaplansky establish the following: 
THEOREM A. Let R be a regular algebraic algebra over L, L’ ajnite, normal, 
and solvable jield extension of L, and X the spectrum of R. Suppose that 
(i) every ideal in R is countably generated, 
(ii) for each maximal ideal M in R, R/M is naturally isomorphic (as an 
algebra over L) to a subfield of L’. 
Then there exist families {X,: 01 E I} of closed subsets of X and (F,: a: E I} of 
subjelds of F, for some index set I, such that 
R g V(X, F; (X, , F,): (Y EI). 
In this paper we show that hypothesis (ii) may be dropped from Theorem 
A and that (i) may be replaced with the following: 
(i’) the Boolean algebra of idempotents of R is complete. 
To obtain Theorem A, Arens and Kaplansky (in 5.3 of [l]) prove and use a 
slightly generalized version of the following: 
THEOREM B. Let R be a regular algebraic algebra over L and let X be the 
spectrum of R. Then: 
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(a) Suppose there is a monomorphism R --t V(X, F). Then there exist 
families (X,: oc E I} of closed subsets of X and (F,: ~1 E I) of subjields of F, for 
some index set I, such that R g %7(X, F; (X, , F,): a: E I). 
(b) Suppose that R is also an algebraic algebra over F. Then R g %7(X, F). 
This immediately gives some information about any regular algebraic 
algebra R over L, for R @QL F can be shown to be a regular algebraic algebra 
over F so that there are embeddings R --f R oL F E %?(Y, F) where Y is 
the spectrum of R oL F. Arens and Kaplansky use this representation to 
show that if R also satisfies (i) and (ii) from Theorem A then there is an 
embedding R + V(X, F). Th eorem A now follows from Theorem B. This 
suggests that, if we could obtain an embedding R + %7(X, F) without 
recourse to R $JL F, some of the conditions could be omitted from Theorem A. 
We shall use the representation theory developed by Pierce in [3]. This 
allows us to associate with each regular ring R a sheaf h of fields over the 
spectrum X of R such that R g r(X, h), the ring of all global sections of 
k over X. The pair (X, k) is called the ringed space associated with R. The 
main arguments in this paper will occur in the category of ringed spaces. 
Some basic facts about Pierce’s representation theory are summarized in 
Section 1. In Section 2 we find some sufficient conditions on a space X such 
that, if R is a sheaf of fields over X, it can be embedded in some sheaf K 
over X such that, for each x E X, K, is the algebraic closure of k, . I f  such a 
K exists it is called an aZgebraic closure of K. In particular, if R is a regular 
ring satisfying either (i) or (i’) f  rom Theorem A and (X, k) is the ringed space 
associated with R, then K has an algebraic closure, K. The closure K is not in 
general unique. However, in Section 3 we show that if R is also an algebraic 
algebra over L then the algebraic closure K of K, when it exists, is unique and 
satisfies r(X, K) g %(X, F). In this case there is an embedding R --t %‘(X, F). 
Since X is the spectrum of R the methods of Arens and Kaplansky now apply 
to complete our extension of Theorem A. 
I. REPRESENTATION OF A RING BY GLOBAL SECTIONS 
The representation of a ring as the ring of all global sections of some 
reduced ringed space is developed by Pierce in [3]. We now summarize from 
this the notation and results that will be applied to commutative rings in 
this paper. 
DEFINITION 1.1. For a ring (R, +, .) let B(R) = {e E R: e2 = e}. 
Note that, in 1 .I, (B(R), +‘, .) forms a Boolean algebra and (B(R), +“, .> 
forms a Boolean ring, where 
r+‘s-r+s-r.s and r+“s=r+s-2r.s forallr,sER. 
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DEFINITION 1.2. Let X be a topological space. 
conneZ!zd.X 
is a Boolean space if it is compact, Hausdorff, and totally dis- 
(ii) A subset of X is cZopen if it is both open and closed in X. 
(iii) A Boolean space X is extremally disconnected if, for each open 
subset U of X, u is clopen in X. 
DEFINITION 1.3. For each ringed space (X, K) and subset Y C X let 
P( Y, K) denote the ring of all sections of R over Y. 
THEOREM 1.4. For each commutative ring R there exists a unique Boolean 
space X(R) and a unique sheaf k(R) f o in d ecomposable rings over X(R) such that 
there is a natural isomorphism r --+ or from R onto r(X(R), k(R)). The space 
X(R) is the spectrum of the ring B(R) or equivalently the Stone space of the 
Boolean algebra B(R). Each element M E X(R) is a maximal ideal in the ring 
B(R) and the stalk of k over M, kILI(R), is given by k,(R) = R/R . M. The 
section (T+. E I’(X(R), k(R)), f or r E R, is given by ur(M) = r + M for 
M E X(R). 
(In this paper we shall often identify the rings R and r(X(R), k(R)) via the 
isomorphism r -+ uT .) I f  S is a subring of R such that B(R) = B(S), then 
X(S) = X(R), k(S) is a subsheaf of k(R), and, under the identification of R 
and T(X(R), k(R)), S is identified with T(X(S), k(S)). 1 
THEOREM 1.5. Let R be a ring. Then R is regular ;f  and only if, for each 
x E X(R), k,(R) is a field. (Under these circumstances, (X(R), k(R)) is called a 
regular ringed space.) If R is regular, then X(R) is homeomorphic to the spectrum 
ofR. I 
DEFINITION 1.6. Let (X, k) be a ringed space and u E T(X, k). Let S(o) 
denote {x E X: U(X) # 0 E k,} and ker(o) denote {x E X: CT(X) = 0 E k,}. 
LEMMA 1.7. Let (X, k) be a ringed space and o E r(X, k). Then: 
(a) The set S(a) is closed and ker(a) is open in X. 
(b) If  (X, k) is reguZar then S(o) and ker(cr) are cZopen in X. 1 
LEMMA 1.8. Let (X, k) be a ringed space. Then: 
(a) If  C is closed in X and a E r(C, k), then there exists U’ E r(X, k) 
such that u’ jc = (T. 
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(b) If  (X, k) is regular, then r(X, k) is self-injective as a ring ;f and only 
if, for each open subset U of X and u E r(U, k), there exists u’ E r(X, k) such 
thatu’io=o. 1 
DEFINITION 1.9. Let X be a topological space and R a ring. The simple 
R-sheaf over X is the sheaf k over X such that 
(i) k = X x R and k, = {x} x R s R for each x E X, 
(ii) k has the product topology of X x R where R is discrete. 
In 1.9, there is obviously a natural isomorphism F(X, k) g U(X, R). 
The next lemma allows one to obtain results about the ring r(X, k) from 
facts about the stalks of k. 
LEMMA 1. IO. Let X be a Boolean space and ( U,: a: E I> an open cover of X. 
Then there exists a family {V, ,..., V,} of clopen subsets of X (n 3 1 some 
integer) such that 
(a) X = UL (VA 
(b) Vi n Vj = ~3, for i # j, 
(c) for each i (1 < i < n) there exists 01 E I such that Vi C U, . 1 
Arguments using 1.10 are standard and are not given in detail in this paper. 
The proof of Proposition 3.4 of [3] is an example of such an argument. 
2. THE ALGEBRAIC CLOSURE OF A SHEAF 
In this section k denotes a sheaf of fields over a Boolean space X. 
DEFINITXON 2.1. A sheaf K of fieIds over X is an algebraic closure of k, if 
(i) k is a subsheaf of K, 
(ii) for each x E X, K, is the algebraic closure of k, . 
In this section we show that k has an algebraic closure if X satisfies suitable 
conditions. An example due to Kelley will be included in Section 3 to show 
that k need not, in general, have an algebraic closure. In this section k’ will be a 
sheaf of fields over X containing k as a subsheaf such that, for each x E X, 
k,’ is algebraic over k, . Let R = r(X, k) and R’ = r(X, k’). Let k denote 
the sheaf over X containing k and k’ as subsheaves such that R’[Z] z F(X, k), 
where R’rZ] denotes the polynomial ring with coefficients from R’. Identify 
R’[Z] = r(X, k). The existence of h and the observation that k, s k,‘[Z] for 
each x E X follows from Theorem 1.4 and the fact that B(R) = B(R’) = 
wwl). 
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The key lemma in the construction of an algebraic closure of K now follows. 
LEMMA 2.2 Let f(2) E R’[Zl = F(X, k) be a manic polynomial of degree 
n + 1 (n 3 1 an integer) such that 
(i) for each x E X either (f(Z))(x) is prime in k, g h,‘[.Zl or it splits 
completely into linear factors, 
(ii) there exists 7 E I’( U, k’) (where U denotes {x E X: (f(Z))(x) is not 
prime in h,}) such that, for each u E U, T(U) is u root of (f (Z))(u). 
Then there exists a sheaf .4p of jields over X such that: 
(a) k’ is a subsheaf of 9, 
(b) for each x E X, (f(Z))(x) has a root A, in YE , 
(c) YE = &‘(A,) (thefield generated by h,’ and A,) for each x E X. 
Proof. Let C = (x E X: (f (Z))( ). p x is rime in k,}. Note that U u C = X, 
U n C = D, U is open (by 1.7), and C is closed in X. Let 9% = K,’ when 
x E U and 9, = &‘(A,) when x E C. Let Y denote the disjoint union 
Y = Uz&9?J. Extend 7 to a map 7: X + Y by letting T(X) = A, when 
x E C. We shall now show in four steps that Y, when suitably topologized, 
is the required sheaf. 
(1) For each x E X, {zy=, ai #(x): the a, E r(X, k’)} = 9%. This is 
obvious when x E U since .Y? = K,’ and we may set ai = 0 for (1 < i < n). 
When x E C it holds since 9, = k,‘(~(x)) and (f(Z))(x), the minimal poly- 
nomial of T(X) over K,‘, has degree n + 1. 
(2) For any ai, bi E R’ (0 < i < n) there exists ci E R’ such that 
(Cr=, ai P(x))(~~=, hi(x) G(x)) = (xy=, CJX) G(x)) for all x E X. To see 
this, let h(Z) = CL, aiZi and g(Z) = zb, bJi. Using the Euclidean 
algorithm in the k, = k,‘[Z] and 1.10 find Q(Z) and r(Z) E R’[Z] such that 
h(Z)g(Z) = q(Z)f(Z) + r(Z) and either Y(Z) = 0 or deg(r(Z)) < deg(f (Z)) = 
n + 1. Let r(Z) = Cy=, ciZi. These are the required ci . 
(3) Let5 = ({MY, ( ) i( )* a, x 7 x .xEN}theaiER’andNisclopeninX}. 
(4) For any ai , b, E R’ (0 < i 6 n) and x E X if (Cy=-, ai Ti(x)) = 
(cy=, hi(x) Ti(x)), then th ere exists a neighborhood N, of x such that, for all 
y  E N, , (*) (ET=, ai( y) T~( y)) = (xr=, bi( y) am). I f  x E Li this clearly 
follows from 1.7 since the ai , the bi , and 7 are continuous on U and U is 
open in X. If  x E C it follows, since (f(Z))(x) is the minimal polynomial for 
T(x) over k,’ and deg(f(Z))(x) = n + 1, that (1, T(x), T’(X),..., T”(x)} is 
linearly independent over k,‘. Thus a,(x) = hi(x) for 0 < i < n. Thus, by 
1.7, there exists a neighborhood N, of x such that a<(y) = bi( y) for y  E N, 
and 0 < i < n. Thus (*) holds for ally E N, . 
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It follows from (l)-(4) and standard techniques of sheaf construction that 
Y, with the topology generated by Y, is the required sheaf. In fact, Y is 
actually a basis for the topology on 9’. 1 
The following example shows that the sheaf Y constructed in 2.2 is not in 
general unique but depends upon the function 7. 
EXAMPLE. Suppose that T, denotes the real numbers, Tz the rational 
numbers, X = w + I, k’ is the subsheaf of the simple T,-sheaf over X such 
that k,’ = T, for n E w and 8,’ = T, , and f(2) = Z2 - 2. Then U = W. 
Define 7, T’ E r( U, k’) by I = 1/z and 7’(n) = (-l)% dz for all n E U. 
Let 9’ and Y’ be the sheaves constructed as in 2.2 using 7 and T’, respectively. 
I f  @ = {CJ~: x E Xl: Y + Y’ is an isomorphism (i.e., for each x E X, 
0,: Y, ---f Yz’ is a ring isomorphism, and @ = UzEX (@J: 9’ + ,Y’ is a 
homeomorphism) then @,: cYW = T,( 42) + T,( d2) = 9” is either the 
identity or is given by @,(a + b-\/z) = a - b &? for a, b E T, . Suppose 
that @, is the identity. Then the continuity of @ requires that, for sufficiently 
large n, @,( ~‘2) -= (- l)ll 42. Th’ is is a contradiction since T, admits only 
the identity as an automorphism. A contradiction is similarly reached if we 
suppose that @(‘,, is not the identity. Thus there is no isomorphism 
@: CY + .Y’. 
We do, however, have the following uniqueness result. 
LEMMA 2.3. Assume the hypothesis and notation of 2.2. Suppose that U 
is clopen in X. Let 9’ be a sheef off; Id e s over X satisfying (a), (b), and(c) from the 
conclusion of 2.2. Then there exists an isomorphism @ = {@=: x E X}: 9’ + 9” 
such that @ acts as the identity on k’. 
Proof. Using 1. IO, find T’ E r(X, Y’) such that, for each x E X, T’(X) is 
a root of (f (Z))(x). For x E U, let @,,: YE = k,’ + k,’ = Yz’ be the identity. 
For x E C let @,: Yz = k,‘(T(x)) - kz’(T’(x)) = 9,’ be the isomorphism 
leaving k,’ fixed such that Qz(~(x)) = T’(X). This exists since T(X) and T’(X) 
have the same minimal polynomial, (f(Z))(x), over k,‘. Let @ = {QJ: x E X}. 
Then @ I.,, and 0 lc are continuous and open. Since U and C are clopen 
compliments in X, @ is a homeomorphism, and thus an isomorphism. i 
In order to apply 2.2 we shall give two conditions on X, each of which is 
sufficient to imply that hypothesis (ii) of 2.2 holds. 
LEMMA 2.4. Assume the notation from 2.2. 
(i) Suppose that U can be expressed as the union of some disjoint family, 
{U,}, of clopen subsets of X. Then hypothesis (ii) from 2.2 holds. 
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(ii) Suppose that every ideal in R is countably generated. Then any open 
subset of X can be expressed as a union of some disjoint family of dopen subsets 
of X. Consequently, hypothesis (ii) from 2.2 holds. 
Proof. (i) For any U, , since b; is compact we can, by 1.10, find 
7, E r( U, , k’) such that, for each u E U, , T,(U) is a root of (f(Z))(u). Since 
U, n U, = o when U,, # Ua we can use the 7, to define a map, r: U + k’, 
such that T(U) is a root of (f(Z))(u) f  or each u E U. The map 7 is continuous 
since the U, are open. 
(ii) This is lemma 8.1 of [l]. B 
We shall also show that hypothesis (ii) of 2.2 holds if X is extremally 
disconnected. The facts used to establish this are now summarized. In 2.5 
and 2.6, Q denotes the complete ring of quotients of R’. 
LEMMA 2.5. (1) The following are equivalent: 
(i) B(R) is complete as a Boolean algebra, 
(ii) B(R) is self-injective as a ring, 
(iii) B(R) is its own complete ring of quotients, 
(iv) X = X(R) is extremally disconnected. 
(2) The ring B(Q) is the complete ring of quotients of B(R’). 
(3) Suppose that X is extremally disconnected. Then B(R) = B(R) = 
B(Q) so that X = X(Q). 
Proof. The definition of and some basic facts about the complete ring of 
quotients T of a ring S are given in Section 4.3 and 4.5 of [2]. In particular, 
S g T, S is essential in T (i.e., for any 0 f  t E T there exists s E S such that 
0 # st E S), and, if S is regular, for any ring T’ 2 S such that T’ is self- 
injective and S is essential in T’ we may identify T and T’ via an isomorphism 
leaving S invariant. I f  S is regular so is T. 
(1) The equivalence of (i), (“) n , and (iii) is from Sections 2.4 and 4.5 of 
[2]. The equivalence of (ii) and (iv) is shown in 24.2 of [3]. 
(2) Clearly B(R’) g B(Q). To see that B(R’) is essential in B(Q) let 
0 # e E B(Q). Since R’ is essential in Q, there exists r E R’ such that 
0 # ye E R’. Thus 0 # r’re E B(R’) where r’ E R’ satisfies rr’r = r. Since Q 
is self-injective it follows from 24.1 of [3] that X(Q) is extremally disconnected 
so (by (1) with Q in place of R’) B(Q) is self-injective. We are done by the 
remarks opening the proof. 
(3) This follows from (2) and the equivalence of (iii) and (iv) of (1). 1 
252 CARSON 
LEMMA 2. Assume the notation of 2.2 and hypothesis (i). Suppose that X 
is extremally disconnected. Then hypothesis (ii) holds. 
Proof, By 2.5 and 1.4, Q may be represented as the ring F(X, 9) for some 
sheaf of fields 9 over X such that k’ is a subsheaf of 9. 
By Zorn’s lemma find (VJ, a family of clopen subsets of X maximal with 
respect to the properties V, n V, = o if V, # V, and uoi (V,) g U. Let 
V = (JJVJ. It is immediate from the maximality of the family {V,} that 
p = u. As in 2.4, find T E P(V, k’) such that for each z1 E V, T(V) is a root of 
(f(Z))(v). Since Q is self-injective we may assume without loss of generality 
(by 1.8) that T E r(X, 9) = Q. Since f(7) E Q = r(X, 9), ker(f(7)) 2 V, 
and Q is regular, we have (by 1.7(b)) ker(f(T)) 2 v  = gz U. Hence for 
each u E U T(U) is a root of (f(Z))(u). Since, for each u E U, (~(Z))(U) splits 
completely into linear factors in k, = k,‘[Zl, this implies that r(u) E k,‘. 
Thus 7 1 U E r( U, k’) is the required section. l 
THEOREM 2.7. Suppose that X satis$es at least one of the following 
hypothesis: 
(i) Each open set in X can be expressed as a union of some disjoint family 
of clopen sets, 
(ii) X is extremally disconnected. 
Then there exists an algebraic closure K for k. 
Proof. By Zorn’s lemma find a maximal (with respect to sheaf inclusion) 
sheaf k’ of fields over X with respect to the properties: (a) k is a subsheaf 
of k’, and (8) for each x E X, k,’ is algebraic over k, . We now show in two 
steps that k’ is the required sheaf of fields over X. 
(1) If  g(Z) = (C& aiZi) E R’[Z], x E X, and the integer n 2 1 are 
such that (g(Z))(x) is a manic polynomial of degree n, then there exists a 
manic polynomial of degree n, f(Z) E R’[Zl, such that WZN4 = k(Z))(x)- 
To see this find a clopen neighborhood N, of x such that a,(y) = 1 E k,’ for 
y  E N, . Since N, is clopen there exists e E r(X, k’) such that e(y) = 0 E kg’, 
foryEN,,ande(y)=lEk,‘,fory~N,.Thenf(Z)=(l-e)g(Z)+eZ” 
is as claimed. 
(2) Suppose that k’ is not an algebraic closure of k. Then there exists 
f(Z) E R’[Z] with the following property: There exists x E X such that 
(f(Z))(x) is a prime polynomial over k,’ of degree > 2. Assume that deg(f (Z)) 
is minimal with respect to this property. By (1) we may assume without loss 
of generality that f(Z) is manic. The minimality of deg(f (Z)) ensures that 
f(Z) satisfies (i) from 2.2 for otherwise there would exist x’ E X and fi(Z), 
fi(Z) E W-4 such that (f (ZW’) = (fG’)W) . (f2(ZW’), (f#W) is 
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prime in k, = K,‘[Z], and 2 < deg(f,(Z)(x)) < deg(f(2)). In view of the 
hypothesis on X and 2.4 and 2.6, the hypothesis of 2.2 are satisfied so the 
maximality of k’ is contradicted. Hence k’ is an algebraic closure for R. 1 
The above theorem may also be phrased in terms of ring theory. 
DEFINITION 2.8. Let S be a subring of the ring T. Then: 
(i) T is algebraic over S if, for each t E T, there exists monicf(2) E S[.Z’l 
such thatf(t) = 0. 
(ii) T is aZgebraicaZZy closed if each element in T[Zl can be written 
as a product of linear factors. 
(iii) T is an algebraic closure for S if it is algebraic over S and is alge- 
braically closed. 
THEOREM 2.9. Let R be a regular ring satisfying at least one of the following 
hypothesis: 
(i) every ideal in R is countably generated, 
(ii) B(R) is complete as a Boolean algebra. 
Then there exists an algebraic closure S for R such that S is regular 
and B(R) = B(S). 
Proof. We retain the preceding notation. That is to say, (X, K) is a regular 
ringed space such that we can identify R = r(X, k). By 2.4, 2.5, and 2.7, 
there exists an algebraic closure K for k. Let S 2 R be such that S = r(X, K). 
An application of 1.10 shows that S is algebr&ally closed. To see that S is 
algebraic over R let s E S. For any s E S, s(x) is algebraic over k, so there 
exists fit(Z) E RI21 and a neighborhood N, of x such that (f,(s))(y) = 0 for 
all y  E N, . As in the proof of 2.7, we may assume that the f%(Z) are manic. 
Since X is compact it has a finite cover of the form {NZtl) ,..., N,(,,} (n > 1 
some integer). Then f  (s) = 0 where f  (2) = f&Z) ... fzc,(Z). 1 
THEOREM 2.10. Let R be a regular ring. Then there exists a regular ring 
S 2 R such that S is an algebraic closure of R and B(S) is the complete ring of 
quotients of the ring B(R). 
Proof. Let Q be the complete ring of quotients of R. Let T be the subring 
of Q generated by {re: Y E R and e E B(Q)}. Let (Y, K) = (X(T), k(T)) and 
identify T = r(Y, K). Note that for any e E B(T) and y  E Y either e(y) = 0 
or e(y) = 1. Thus, for y  E Y, any nonzero element of K, has the form r(y) 
for some Y E R viewed as an element of r(Y, K). Hence 1 = @‘r)(y) = 
r’(y)‘(y), where r’ E R is such that YY’Y = r, so K, is a field. Thus T is regular. 
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Since B(T) = B(Q) is a complete Boolean algebra there exists (by 2.9) a 
regular ring S 2 T such that S is an algebraic closure of T and B(T) = B(S). 
Clearly B(T) = B(Q) so, by 2.5, B(S) is the complete ring of quotients of 
B(R). We finish by showing that S is algebraic over R. Let %Y = k(S). Since 
B(S) = B(T), K is a subsheaf of .ip and we may identify S = r( Y, P). 
Fix arbitrary s E S and y  E Y. Clearly cyg is algebraic over K, . Thus there 
exists fV(Z) E T[Zl such that (f,(s))(y) = 0. As elements of K, have the 
form Y(Y), for some Y E R, we may suppose that f,,(Z) E R[Z]. Since Y is 
compact, the proof of 2.9 may be duplicated to find monicf(Z) E R\Zl such 
thatf(s) = 0. 1 
3. THE STRUCTURE OF REGULAR ALGEBRAIC ALGEBRAS 
As before, L denotes a field and F its algebraic closure. In this section R 
denotes a commutative semisimple algebraic algebra over L. Arens and 
Kaplansky show in 3.3 of [l] that such an R is regular so that k is a sheaf of 
fields over X where (X, k) = (X(R), R(R)). Identify R = r(X, k). We show 
that if K is an algebraic closure of k, then K is the simple F-sheaf over X. 
This yields R & %(X, F). The spectrum of R is homeomorphic to X, since 
R is regular, so the generalization of theorem A indicated in the introduction 
may now be obtained by 2.7 and the methods of 5.3 of [l]. 
Let S = {Z(x) E k,: I EL C R and .x E X}. This is a subsheaf of k and the 
map @: X x L + 8 given by @((zc, I)) = Z(x), where X x L is the simple 
L-sheaf over X, is an isomorphism. 
LEMMA 3.1. Let S be a jeld such that L c S 2 F. Suppose that 9 is a 
sheaf of fields over X such that 
(i) 9 is a subsheaf of 9, 
(ii) for each x E X 9!! s S. 
Then there exists an isomorphism Y: X x S + -40, where X x S is the 
simpZe S-sheaf over X, such that Y JxxL = 0. 
Proof. Let fl = ((S’, @I): L & 5” & S, S’ is a field, and @‘: X x S’ -+ .Y 
is a sheaf embedding such that @’ lxx= = @}. The set 9 has a partial 
ordering, <, given by (S’, @‘) < (S”, @“) i f f  S’ g S” and @” Ixxs, = @‘. 
By Zorn’s lemma find (S’, @‘), a maximal element of F’. We shall establish 
the lemma by showing S = S’. Let y’ denote the simple S’-sheaf over X. 
Suppose S’ # S. Then there exists s E S - S’. Findf (Z) E (r(X, -P”))]Z] 
such that for each x E X, f(Z)(x) is the minimal polynomial of s over S’. 
Using 1.10, find 7 E QX, 9) such that, for each x E X, T(X) is a root of 
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f(Z)(x). Suppose that deg(f(2)) = n + 1, n > 1. Let 9” = {CT=,, a,(x) 9(x): 
the ai E r(X, 9”) and x E X}. Then, by the methods used in the proof 
of 2.2, Y” is a subsheaf of Y such that 
(a) 9’ is a subsheaf of 9’“, 
(b) for each x E X, (f(Z))(x) has a root, h, , in yjl”, 
(c) for each x E X, yz” g 9?‘(h,) z S’(s). 
Since the simple S’(s)-sheaf over X also satisfies (a), (b), and (c) there is, 
by 2.3, an isomorphism CD”: X x (S’(s)) -+ 9” G 9 such that d5” /xxs, = CD’. 
This contradicts the maximality of (9, CD’) and establishes the lemma, 1 
We now give a structure theorem for the topology on certain sheaves. 
THEOREM 3.2. Suppose that Y is a sheaf of fields over X containing the 
simplel-sheaf over X as a subsheaf. Suppose that, for each x E X, Y, is algebraic 
over L and that X satisjes at least one of the following: 
(i) every open set in X can be expressed as a union of a disjoint family 
of clopen subsets of X, 
(ii) X is extremally disconnected. 
Then Y is a subsheaf of the simple F-sheaf over X. 
Proof. This is immediate from 2.7 and 3.1. 1 
THEOREM 3.3. Suppose that R satisfies at least one of the following: 
(i) every ideal in R is countably generated, 
(ii) B(R) is complete as a Boolean algebra. 
Then there are families {X,: oi E I} of closed subsets of X and {F,: 01 E I} of 
subfields of F, for some index set I, such that R s W(X, F; (X, , F,): 01 E I). 
Proof. It is immediate from 2.4, 2.5, and 3.2 that k is isomorphic to a 
subsheaf of the simple sheaf X x F. Thus we have the following standard 
embedding: 
A z P(X, h) + P(X, X i< F) g %‘(X, F). 
Since X is the spectrum of R, the proof may be completed with the methods 
used by Arens and Kaplansky in 5.3 of [l]. 1 
In general, R may fail to satisfy both hypothesis (i) and (ii) from 3.3. How- 
ever, A may still be represented as a subring of the ring of continuous func- 
tions from some space Y to F. 
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THEOREM 3.4. There exists an embedding R ---f V( Y, F), for some extremally 
disconnected Boolean space Y such that B(V(Y, F)) is the complete ring of 
quotients of B(R). 
Proof. Let Q be the complete ring of quotients of R and T be the subring 
of Q generated by (re: r E R and e E B(Q)}. Let Y = X(T). As in 2.10, T is 
regular (and so semisimple) and B(%?( Y, F)) = B(T) = B(Q) is the complete 
ring of quotients of B(R). By 2.5, Y is extremally disconnected. Since 
L G R 2 T, T is an algebra over L. That T is algebraic over L follows from 
the methods used in 2.10 to show that T is algebraic over R. Thus by 3.3 there 
is an embedding R + T -+ %(Y, F). m 
Theorem 6.1 from [I] gives an embedding R + G?( Y’, F) for some Boolean 
space Y’ and more precise information on which subring of U(Y’, F) is 
isomorphic to R. 
We are now in a position to give an example, due to Kelley, of a Boolean 
space X and a sheaf k of fields over X such that F2 does not have an algebraic 
closure. 
EXAMPLE. Suppose that R is the first ring constructed at the end of 8 in 
[I]. Then R is an algebraic regular algebra over the two element field. Suppose 
that (X, k) = (X(R), h(R)). It follows from the proof of 3.3 that if K had an 
algebraic closure then R could be represented as a ring of some continuous 
functions on X. Arens and Kaplansky show that R has no such representation. 
We now conclude with some remarks: 
(a) The summary of results from [3] given in Section 1 does not apply 
in total unless R is commutative. However the construction given in part I of 
[3] for (X(R), h(R)) does not require the commutativity of R. It follows from 
that construction, 3.3 of [I], and 11.1 of [3], that if R is a not necessarily 
commutative regular ring with no nilpotent elements and x E X(R), then 
h,(R) is a simple regular ring in which all idempotents are central. Thus 
k,(R) is a division ring. In this situation each ideal in R is two-sided so that 
R is left self-injective if and only if it is right self-injective. Also, Lemmas 
1.7 and 1.8 still apply. Similarly, the left and the right complete rings of 
quotients of R are the same ring, Q, and are simply called the complete ring 
of quotients of R. The ring Q, in this situation, is also regular and has no 
nilpotent elements. 
(b) The noncommutative analog of 3.1 holds if L is a field and S is a 
division algebra of finite order over S. This fact is simply Theorem 5.2 of 
[l] expressed in terms of sheaves. 
(c) The noncommutative analog of 3.3 holds if R is an algebra over the 
real numbers, L, with no nilpotent elements. More precisely, letting F denote 
REPRESENTATION OF SEMI-SIMPLE ALGEBRAIC! ALGEBRAS 257 
the quaternions, C, the complex numbers, and retaining the rest of the 
hypothesis and notation of 3.3, there exist closed subsets Y and W of X such 
that R E %T((X, F); (Y, C), (IV, L)). Th is is shown in 8.2 of [l] if each ideal 
in R is countably generated. 
Now suppose that B(R) is a complete Boolean algebra and hence, as in 
2.5, that X is extremally disconnected. It follows from (a) that, for each 
x E X, k, is an algebraic real division algebra so that K, z L, k, G C, or 
k, g F. Let U = {x E X: k, s F}. Since F has more than two distinct 
roots of - 1 in F it follows from 1.7 that U is open. Let Q be the complete 
ring of quotients of R. Since Q. is regular and has no nilpotent elements it 
follows (as in 2.5) that B(R) = B(Q) so that there exists a sheaf Y of division 
rings over X containing k as a subsheaf such that we can identify Q = 
r(X, 9). Using techniques from 2.6 we can find i, j and k E r(X, 9’) such 
that, for u E U, -&j(u), &j(u), and &k(u) are distinct roots of - 1 in Sp, . 
Since 0 is clopen we can let i(x) = j(x) = k(x) = 0 when x $ u. Let 
Y’ = {a(x) + b(x) i(x) + c(x)j(x) + d(x) k(x): x E X and a, b, c, and 
d E r(X, k)}. Then Y’ . is a subsheaf of 9, k is a subsheaf of P”, 9,’ E F 
when x E 8, and yz’ g C when x $ 8. By (b), 9” 1 D (the obvious sheaf over 
g determined by 9”) is a simple F-sheaf. By 3.2, Y’ l(x-uJ is contained in the 
simple C-sheaf over (X - u). Since a is clopen this implies that Y’ (and 
thus k) is a subsheaf of the simple F-sheaf over X. Our analogue now follows 
asin3.3. 
(d) If  R is a (not necessarily commutative) algebraic algebra over the 
reals without any nilpotent elements, then there exists an embedding 
R + U(Y, F), where F denotes the real quaternions, for some extremally 
disconnected Boolean space Y. That this follows from (c) is similar to the 
proof of 3.4. 
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